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Abstract—A theoretical method is presented for the study of the onset of motion in a symmetrical natural

circulation loop. A one-dimensional model is applied to describe the behavior of the flow and linear stability

analysis is used for the investigation of its stability. The results show that there exists a critical modified

Rayleigh number, R, below which the rest stateis stable and any flow perturbation will decay. The same results

have been obtained from a steady-state analysis; there is no steady-state solution when R < R. For a vertical
loop composed of two parallel branches heated from below and cooled from above, R, = 6.

1. INTRODUCTION

FREE CONVECTION loops (thermosyphons), created by
heating from below and cooling from above, have
applications in geophysical processes and energy
conversion systems. It is well known that natural
circulation flows may be unstable, cf. refs. [ 1-20]. There
are four different types of instabilities in such loops,
which have been found theoretically and experimen-
tally {1]:

(a) The onset of local closed cells of the Rayleigh—
Bénard type, when a certain critical Rayleigh
number is exceeded, similar to other thermal
instabilities (this point is further discussed below).

(b) The onset of global flow around the loop, when
further heating is supplied [3, 9, 10, 13].

(c) Theinstability of steady flow in the loop, associated
with oscillation growth [3-13, 16].

(d) Multiple steady-state solutions, indicating meta-
stable instabilities [2, 11, 12, 14, 15].

The stability characteristics of a thermosyphon have
important implications. On one hand, the flow is
created by a thermal instability. Thus in an energy
conversion system based on natural circulation,
favorable conditions for the instability of the second
kind mentioned above must be ascertained. In such
systems it is desired on the other hand, to remove the
energy from the heat source in a stable flow. Therefore
instabilities of the third and fourth kind should be
avoided.

The present paper deals with the instability of the
second kind, i.e. associated with the onset of global flow
around the loop. The treatment here bears also a
relation to other situations, such as the onset of flow in
stagnant branches in a multi-channel natural circu-
lation system, cf. [13].

Evidently, any asymmetric loop, where heating is
applied (even partly) from the side, is unstable as
regards the onset of motion. This case is usually
encountered in energy conversion systems, i.e.
thermosyphonicsolar water heaters [S]and emergency

core cooling of nuclear reactors [1, 13-15]. The
stability of the second kind in symmetric loops is an
interesting problem. Welander [3] stated that the rest
state of a loop with two vertical branches, a point heat
source at the bottom and a point heat sink at the top, is
always unstable. The same conclusion has also been
reached by Bauand Torrance [10], who investigated an
open symmetric free convection loop. However, in the
latter analysis a linear distribution of the temperature
perturbation was assumed. As has been shown by
Zvirin and Greif [6], this assumption is not always
justified: it leads to the result that the flow in the vertical
loop treated by Welander [3] is stable even in cases
where the exact solution leads to instabilities. Torrance
and Chan [9] obtained a critical Rayleigh number for
the onset of motion in another open thermosyphon.
This result was achieved by an asymptotic expansion of
the condition for a steady flow in the loop, without the
explicit heat conduction term in the energy equation.
These terms are usually neglected in the steady-state
solutions, because they are small compared to the
convection terms.

Yorke and Yorke [18], Hart [19] and Malkus [20]
investigated instabilities in a toroidal thermosyphon.
They have found that the no-flow solution is unstable
when a modified Rayleigh number exceeds a certain
critical value. However, the analyses of [18-20] again
failed to include the conduction term in the energy
equation. Moreover, some rather restricting assump-
tions have been made concerning symmetry conditions
ofthe driving forces (heat fluxes and wall temperatures).
For example, the results do not apply to the case of
heating by a uniform heat flux from below and cooling
by a constant wall temperature at the upper half,
treated experimentally and theoretically in refs. [4] and
[7]. Finally, the energy equation for the steady rest state
in a channel heated by a prescribed flux cannot be
satisfied without the heat conduction term. As has also
been indicated by [10], axial conduction is the only
mechanism which enables heat transfer from the heat
source to the sink.

In this work a symmetric vertical thermosyphon is
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NOMENCLATURE
A cross-sectional area Greek symbols
a radius of pipe o thermal diffusivity
dy hydraulic diameter of the flow channel B thermal expansion coefficient
S friction factor 6 dimensionless temperature
g acceleration of gravity A parameter, equation (24)
h  height of the loop v kinematic viscosity
P modified Prandtl number, equation (10) p density
Q volumetric flowrate ¢ stability parameter
R modified Rayleigh number, equation (10) ¢ velocity perturbation
Re Reynolds number Y temperature perturbation.
s coordinate around the loop
T temperature Subscripts
r time ¢ critical (Rayleigh number)
vV velocity D lower container
V.. characteristic velocity, equation (6b) 1 left branch
v dimensionless velocity r right branch
w dimensionless velocity, equation (12) U upper container.
z vertical coordinate.
Superscript
~  steady state.

considered. The stability margin of the rest state is
sought, which corresponds to the onset of a global
motion around the loop. A one-dimensional model is
adopted, because we are interested in the initial state of
a disturbance in the form of a flow around the whole
loop, which will grow to establish the global flow. The
heat conduction terms in the energy equations are
maintained and the method of linear stability analysisis
utilized.

The main result of the stability study is that there
exists a critical modified Rayleigh number, R, for the
onset of motion. When R > R, a steady flow will be
established, while for R < R, any flow disturbance will
decay and the rest state will be resumed.

2. THE GOVERNING EQUATIONS

Consider the loop shown schematically in Fig. 1. It
consists of two vertical insulated branches connecting
two rigid containers. The fluid completely fills the
system and its temperature is maintained constant, Ty,
and Ty, in the lower and upper containers. Heating from
below is investigated, i.e. Tp > Ty.

We are interested here in the onset of global motion
around the loop from a rest state. Thus the velocities
developed (in the initial stages) are small and laminar
flow prevails. The Boussinesq approximation is
adopted, whereby the density, p, is taken as con-
stant in the governing equations except for the body
force term in the momentum equation, where p =
p,[1—B(T—T,)]. p, is the density at the reference tem-
perature, T, chosen for convenience as T, = Ty,

A one-dimensional model is used, with V and T

representing cross-sectional average velocity and
temperature in the vertical branches. The single spatial
coordinate, s, runs around the loop.

Continuity considerations imply that any flow in a
branch (say, upwards in the right branch) is coupled
to a flow in the other one with the same flow rate, Q,
and in the opposite direction. Furthermore, the one-
dimensional continuity equation yields the result that
the velocity is a function of the time only:

V= V(). 9Y)

The momentum equation is integrated around the
loop, to eliminate the pressure term. It is written in the
following general form, cf. [1]:

ds\dQ ds
Po<§x)a = —Q§P dZ—?-Po#;sza; @

To

FiG. 1. A scheme of the vertical thermosyphon.
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where z is the vertical coordinate, A is the cross-
sectional area, V is the velocity (V = Q/4), f is the
friction factor and dy is the hydraulic diameter of the
flow channel.

For simplicity we take the vertical branches to be
circular pipes with radius a. The friction factor for
laminar flow in these pipes is taken as f = 16/Re
= 16v/2aV.Itis assumed that the pipes are longenough
so that the pressure drops in the connections to the
containers are negligible and are wide enough so that
the effect of surface tension is vanishingly small.
Equation (2) then reduces to:

av _Bg
s J(T T)dz——— 3)

where h is the height of the loop (see Fig. 1) and the
subscripts r and 1 denote the right and left branches.
The energy equation for the insulated pipes is:
oT oT 52T +r
P tV oz Y2 I @
Viscous dissipation has evidently been neglected in
the equation. However, the heat conduction term,
neglected in most analyses of thermosyphons
compared to the convection terms, must be retained
here, because it governs the steady initial temperature
distribution. It is noted that Mertol [17] has solved
numerically the equations for the toroidal loop,
including the conduction terms, but he did not study the
problem of the onset of motion.
Finally, the boundary conditions for the temperature
are determined by the containers:

T=T=T, atz=0
T.=T,=T, atz=h.

(5a)
(5b)

The variables are transformed to dimensionless form
by the following scaling:

length h (6a)
velocities*  V,, = Bg(Tp— Ty)a®/16v (6b)
time h/V,, (6¢)
temperature 0 = (T — Ty)(Tp— Ty). (6d)

Introduction of (6) into (3)(5) leads to the
dimensionless governing equations :

v t
Pl L 6, ~6)dz—-v )]
a0 a0 629 +r

P fRy 0T
ot~ Ry oz o2 —I ®)
§,=6,=1 atz=0 (9a)
0,=6,=0 atz=1 (9b)

* V., is the solution for the steady-state velocity for the
case where the conduction term is neglected in the energy
equations.

T In order to obtain the leading-term approximation (14), it
is necessary to carry the expansions to fifth order.
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where t and z now denote the non-dimensional
variables, v = V/V,, and the parameters P and R are
modified Prandtl and Rayleigh numbers, defined by :

K\ v h\?
P=8|-) -=8|-) Pr
a/ a a

Venh _ Bg(Tp— Ty)a’h
a 160v )

(10)
R

]

3. THE STEADY-STATE SOLUTION

We seek, first, the solution of equations (7)+9) for the
steady state, i.e. the time derivatives do not appear in
the equations. The steady-state velocity, v, is constant
around the loop. Equations (8) can therefore be solved
for 6(z) with v as a parameter, which is as yet unknown.

The solution for the steady temperature distri-
butions in the right and left branches of the loop is
obtained from the equations (8) and the boundary
conditions (9) as:

evz_e¥ e Wi_eg W
0, = ;B = 11
T l—e* ! 1—e™™ ()
where:
w = Ro. (12)
These distributions are introduced into the

momentum equation (7) for the steady state. After the
integrations are carried out an algebraic equation for
the velocity v (or w) is obtained :

e”+1 _ 2 E 13)
e"—1 w R

The solution of the last equation gives the steady-
state velocity in the loop. It can be introduced into (11)
in order to find the temperature distributions. The
steady-state solution is seen to depend on a single
parameter, namely the modified Rayleigh number, R.

The main interest here is the onset of motion, where
the velocities are small. Therefore, a solution of
equation (13) is sought, first, for w« 1. A careful
asymptotic expansion of the equationt leads to the

solution:
R—6 \'?
Y G 1.
(l—(3R/30)> W

An important result immediately emerges: there is
no steady flow in the loop if the Rayleigh number is
smaller than a critical value. For the thermosyphon
under consideration :

(14)

a3)

The velocity, w, at values of R just above the critical
[equation (15)] is obtained by inserting R = 6 in the
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denominator of equation (14):

w=,./10(R—-6) (R~6w«l)

It is noted that equations (14) and (16) can be used
only when R = 6 and w « 1. At R = 6%, for example,
(14) cannot be applied because w would be too large.

The other limiting case, for large values of w, is easily
obtained from equation (13) as w = R, or, by equation
(12), v = 1. This means that for large values of R,
V = V4, and as mentioned above it is the solution for
the limiting case where the conduction terms are
small compared to the convection terms (a more exact
expression for large R is w = R—2).

For intermediate values of w, a numerical solution of
equation (13)is needed for w(R). However, the solution
procedure can be simplified by calculating R as a
function of w from this equation (and also noting that
the function is monotonously increasing). The steady-
state solution is symmetric with respect to w, in that for
any value w, —wis also a solution. This behavior can be
observed from equations (13) and (14), and also from
the governing equations. The physical meaning of this
phenomenon is that the two branches of the loop are
symmetric and do not have any preference.

The results for the steady dimensionless velocity w as
a function of the modified Rayleigh number, R, are
shown in Fig. 2. It can be seen that the approximation
for small w is very good only in a narrow range of R
(6 < R < ~6.1). The asymptotic expression for large R
becomesaccurate at R ~ 20. Finally, itis reminded that
the non-dimensional velocity vis given by v = w/R,and
the dimensional one by V = vV,

(16)
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4. THE ONSET OF MOTION—STABILITY
OF THE REST STATE

In the previous section it has been found that no
steady flow can be established in the loop when the
modified Rayleigh number, R, is below a critical value,
R.. We proceed now to investigate the instability
associated with the onset of motion in the loop.

The rest state is governed by equations (7)+9)
without the time derivatives and with ¢ =0. The
(trivial) exact solution in this case is:

0.=0,=0=1—z 17)

which obviously satisfies the momentum equation (7),
in that there is no net buoyancy force, due to symmetry.

Linearized stability analysis is used for the stability
study. We therefore write the time-dependent velocity
and temperature as the steady (rest) values, with small
superimposed perturbations:

v=¢e"; 0=0+y(s)e”

where ¢ is the stability parameter. In general, ¢ may be
complex and the state is unstable when Real (¢) > 0.

Introduction of these expressions into the momen-
tum and energy equations (7) and (8) yields:

(18)

1
plo+1) = J W, —y)dz (19)
0
dz‘l’r,l _
4z “FPovna=TFRé (20)
with the boundary conditions:
Y=0 atz=0,L (21

1

20

30 40

Fi1G. 2. The dimensionless steady-state velocity, w, as a function of the modified Rayleigh number, R.
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It is readily seen that due to symmetry of the
equations, Y, = —,. It is therefore sufficient to solve
for Y, = ¥ only, and equation (19) reduces to:

1
Plo+1) = 2[ Ydz. (22)
0

The solution procedure is similar to that of the
steady-state problem (Section 3). The energy equation
(20) with the boundary conditions (21) is first solved for
¥, in terms of ¢ as a constant parameter (unknown at
this stage):

R (e *—1 1—e* _
=Er—<e‘—e"‘eh+ e 41 (23)

et—e
where:

A% = Po. (24)

Introduction of (23) into (22) and integration yields
the characteristic equation for the stability parameter

o:
2R
—1\1
Po (

The primary interest is in the neighborhood of
R = R_ = 6:it was shown in the previous section that
there is no steady-state solution when R < R and a
single one when R > R_. By a careful expansion of

equation (25) near R = 6 it is found that there exists,
then, a double solution for 4, with ]4] « 1, given by:

R— 1/2
1o 4] 2AR=6)

Hoe Ry
(3 +1-1)

By introduction of R = 6 in the denominator of the last
relationship we obtain :

_ 1/2
i_ o[ _R=6

H |
3 =4 =
(75

It is now necessary to consider separately the cases
R > 6 and R < 6 (P is always positive). For the former,
there are two real roots for 4, and from equation (24) we
find the following single value for the stability para-
meter, ¢ :

2 °2_1)—(a+1) =o0. 25)

T Aet+1

0 <R—6« 1. (26)

O0<R-6«1 (27)

R—-6

@

For R < 6, equation (26) yields a double imaginary
solution for A, which leads to the following single
solution for o:

o= >0, 0<R-6«1. (28)

6—R

2(2—+§—>

The results (28) and (29) show that for all values of the
modified Prandtl number P, the stability parameter, o,
has a single value near the critical modified Rayleigh

o= — <0, 0<6—R«1. (29
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number R, = 6. Thus, ¢ is positive and the rest state is
unstable when R > R, and ¢ is negative and the rest
state is stable when R < R_. This confirms the same
result obtained in the previous section on the basis of
the steady-state analysis.

For large values of the ratio R/P, equation (25) has
the following double real root:

o= +./2R/P, R/P> 1. (30)

A numerical investigation of the characteristic
equation (25) reveals that it always has a real root for
R > 6and for any value of P. The magnitude of the root
increases with R and decreases with P, as can be seen
from Fig. 3. It is therefore concluded that when R > 6
the rest state of the thermosyphon is always unstable;;
there exists a monotonous mode of perturbation
growth, with a rate which increases with R and
decreases with P.

The result of equation (29)indicates that the rest state
oftheloopisstablefor0 < 6 — R « 1.Itisexpected that
the whole range R < 6 (at any value of P) is stable. In
order to prove this statement, it is necessary to consider
all arbitrary perturbation modes, including oscillatory
ones. For this the Nyquist criterion has been used, cf.
[4]. The results show that for R < 6 and all P,equation
(25)does not have any root with a positive real part and
all these states are therefore stable.

The onset of local closed cells of the Rayleigh—
Bénard type is determined by the Rayleigh number Ra
= BgATh3/va. Thus Ra/R = 16(h/a)? and for example
the value of Racorrespondingto R, = 6and h/a ~ 10is
of the order 10*. This indicates that such cells may form

ol

. | L
ool 6 10 100

R

F1G. 3. The stability parameter, g, as a function of the modified
Rayleigh and Prandtl numbers, R and P.
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in certain cases before the onset of global motion
around the loop, depending on the loop parameters.

CONCLUSIONS

The stability associated with the onset of motionina
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INSTABILITE ASSOCIEE A L’APPARITION DU MOUVEMENT DANS UN
THERMOSIPHON

Résumé — Une méthode théorique est présentée pour I’étude de I'apparition du mouvement dans une boucle
symétrique de circulation naturelle. Un modéle monodimensionnel est appliqué pour décrire le comportement
del’écoulement et une analyse linéaire de stabilité est utilisée pour 'étude de sa stabilité. Les résultats montrent
qu'il existe un nombre modifié de Rayleigh critique R, au dessous duquel I'état de repos est stable et pour
lequel une perturbation quelconque de 'écoulement s’atténue. Les mémes résultats ont été obtenus a partir
d’une analyse de régime permanent; il n'y a pas de solution du régime permanent quand R < R.. Pour une
boucle verticale composée de deux branches paralléles, chauffée a la base et refroidie au sommet R, = 6.

DIE INSTABILITAT, DIE ZUM EINSETZEN DER STROMUNG IN EINEM
THERMOSYPHON FUHRT

Zusammenfassung — Eine theoretische Methode zur Untersuchung des Einsetzens der Strémung in einem

symmetrischen Naturamlauf wird vorgestellt. Das Verhalten der Strémung wird mit Hilfe eines

eindimensionalen Modells beschrieben, die Stabilitdt unter Anwendung einer linearen Stabilitédts-Analyse

untersucht. Die Ergebnisse zeigen, daB eine modifizierte kritische Rayleigh-Zahi R existiert, unterhalb der ein

stabiler Ruhezustand herrscht und jede Stérung abklingt. Die gleichen Ergebnisse ergeben sich bei der

stationdiren Analyse, wobei es keine stationdre Losung gibt, wenn R < R,. Bei vertikaler Anordnung,
bestehend aus zwei parallelen unten beheizten und oben gekiihlten Asten, ist R, = 6.
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HEYCTOWUMBOCTh, CBA3AHHASI C HAYAJIOM JIBDKEHUSA B TEPMOCHU®OHE

Annotaums—IIpencrasieH TeopeTHYECKMH METOA INs HCCIEAOBAaHMS Ha4asla OABH)KEHHS B KOHType C
CHMMETPHYHOMN eCTeCTBEHHON LHAPKYyJIAuMel. OOHOMepHas MOAENb PUMCHAETCA I ONMHCAHHA NOBeIe-
HHS TEYEHHA, a NMPH HCCIIENOBAHHA YCTOMYMBOCTH HCHOJBL3YeTCs JIMHEHHBIA aHanm3. PesyiabTaTel moka-
3BIBAIOT, YTO CYIIECTBYET KPHTHYECKOE MOIupHUUpOBaHHOEe umciao Pames R, HMXe KOTOpoOro
COCTOSIHME MOKOS SBJISETCS YCTONYMBBIM M JFOOBIE BO3MYILUEHHS NMOTOKa 3aTyXxaloT. Takue ke pesyiib-
TaTHl MOJIYYEHBI U3 aHAIN3a CTALMOHAPHOIO COCTOSMHHA; MPH R < R_ He CylIeCTBYeT CTallHOHAPHOTO
pelueHus. I BepTHKAIBHOIO KOHTYpa, COCTOSILETO M3 ABYX Iapa/UIeSbHBIX OTBETBJIEHHH, Harpesae-
MBIX CHH3Y H OXJIaXIaeMBIX CBEpPXY, R_ = 6.
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